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ON CP-ODD EFFECTS IN KL → 2pi AND
K± → pi±pi±pi∓ DECAYS GENERATED BY DIRECT
CP VIOLATION
E.P. Shabalin 1
Institute for Theoretical and Experimental Physics, Moscow, Russia
Abstract
The amplitudes of the K± → 3pi and K → 2pi decays are ex-
pressed in terms of different combinations of one and the same set of
CP-conserving and CP-odd parameters. Extracting the magnitudes
of these parameters from the data on K → 2pi decays, we estimate
an expected CP-odd difference between the values of the slope pa-
rameters g+ and g− of the energy distributions of ”odd” pions in
K+ → pi+pi+pi− and K− → pi−pi−pi+ decays.
1E-mail: shabalin@heron.itep.ru
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1. Introduction
The observation of CP effects in K± → 3pi decays would allow to understand
better how the mechanisms of CP violation work.
Now the Collaboration NA48/2 began a search for such effect with accu-
racy δ( g
+−g−
g++g−
) ≤ 2× 10−4.
Contrary to the case of KL → 2pi decay, where CP violates both in ∆S =
2 and ∆S = 1 transitions, in theK± → 3pi decays, only the last (the so-called
”direct” ) CP violation takes place. Experimentally, an existence of the direct
CP violation in KL → 2pi decays, predicted by Standard Model (SM) and
characterized by the parameter ε′, is establised: ε′/ε = (1.66± 0.16)× 10−3.
What is expected for CP effects in K+ → pi±pi±pi∓ decay? To give an an-
swer, it is necessary to understand the role of the electroweak penguin (EWP)
operators in both decays and get rid of the large uncertainties usual for the
theoretical calculations. The real scale of these uncertainties is characterized
by the following predictions obtained before the above experimental result:
ε′
ε
= (17+14−10)× 10−4 [1],
ε′
ε
= (1.5÷ 31.6)× 10−4 [2]
. To avoid the uncertainties arising in the theoretical calculation of the
ingredients of the theory, we use the following procedure. We express the
amplitudes of K → 2pi and K± → 3pi decays in terms of one and the same
set of parameters, and calculating g+ − g−, we use the magnitudes of these
parameters extracted from data on K → 2pi decays.
2. The scheme of calculation
A theory of ∆S = 1 non-leptonic decays is based on the effective Lagrangian
[3]
L(∆S = 1) =
√
2GF sin θC cos θC
∑
i
ciOi , (1)
where
O1 = s¯LγµdL · u¯LγµuL − s¯LγµuL · u¯LγµdL ({8f},∆I = 1/2); (2)
O2 = s¯LγµdL · u¯LγµuL + s¯LγµuL · u¯LγµdL + 2s¯LγµdL · d¯LγµdL
+ 2s¯LγµdL · s¯LγµsL ({8d},∆I = 1/2); (3)
2
O3 = s¯LγµdL · u¯γµuL + s¯γµuL · u¯γµdL + 2s¯LγµdL · d¯LγµdL
− 3s¯LγµdL · s¯LγµsL ({27},∆I = 1/2); (4)
O4 = s¯LγµdL · u¯γµuL + s¯LγµuL · u¯LγµdL −
− s¯LγµdL · d¯LγµdL ({27},∆I = 3/2); (5)
O5 = s¯Lγµλ
adL(
∑
q=u,d,s
q¯Rγµλ
aqR) ({8},∆I = 1/2); (6)
O6 = s¯LγµdL(
∑
q=u,d,s
q¯RγµqR) ({8},∆I = 1/2). (7)
This set is sufficient for calculation of the CP-even parts of the amplitudes
under consideration. To calculate the CP-odd parts , it is necessary to add
the so-called electroweak contributions originated by the operators O7, O8:
O7 =
3
2
s¯γµ(1 + γ5)d(
∑
q=u,d,s
eq q¯γµ(1− γ5)q) (∆I = 1/2, 3/2); (8)
O8 = −12
∑
q=u,d,s
eq(s¯LqR)(q¯RdL), eq = (
2
3
,−1
3
,−1
3
) (∆I = 1/2, 3/2). (9)
The coefficients c5−8 have the imaginary parts necessary for CP violation.
In the case of non-linear realization of chiral symmetry, the bosonization
of these operators can be done using the relations [4]
q¯j(1 + γ5)qk = − 1√
2
Fpir
(
U − 1
Λ2
∂2U
)
kj
, (10)
q¯jγµ(1 + γ5)qk = i[(∂µU)U
† − U
(
∂µU
†)− rFpi√
2Λ2
(
m(∂µU
†)− (∂µU)m
)
]kj
(11)
where
Fpi ≈ 93MeV, Λ ≈ 1GeV, r = 2m2pi/(mu+md), m = diag(mu, md, ms).
U =
Fpi√
2

1 + i
√
2pˆi
Fpi
− pˆi
2
F 2pi
+ a3
(
ipˆi√
2Fpi
)3
+ 2(a3 − 1)
(
ipˆi√
2Fpi
)4
+ ...

 ,
(12)
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where a3 is an arbitrary number and
pˆi =


pi0√
3
+ pi8√
6
+ pi3√
2
pi+ K+
pi− pi0√
3
+ pi8√
6
− pi3√
2
K0
K− K¯0 pi0√
3
− 2pi8√
6

 (13)
The PCAC condition demands a3 = 0 [5] and we adopt this condition, bear-
ing in mind that, on mass shell, the values of the mesonic amplitudes are
independent of a3.
Using also the relations between matrices in the color space
δαβ δ
γ
δ =
1
3
δαδ δ
γ
β +
1
2
λαδ λ
γ
β
λαβλ
γ
δ =
16
9
δαδ δ
γ
β − 13λαδ λγβ
and the Fierz transformation relation
s¯γµ(1 + γ5)d · q¯γµ(1− γ5)q = −2s¯(1− γ5)q · q¯(1 + γ5)d
and representing M(K → 2pi) in the form
M(K01 → pi+pi−) = A0eiδ0 − A2eiδ2 , (14)
M(K01 → pi0pi0) = A0eiδ0 + 2A2eiδ2 , (15)
M(K+ → pi+pi0) = −3
2
A2e
iδ2 , (16)
where δ0 and δ2 are the S -wave shifts of pipi scattering in isotopic spin I = 0, 2
channels, we obtain
A0 = GFFpi sin θC cos θC
m2K −m2pi√
2
[c1 − c2 − c3 + 32
9
β(Rec˜5 + iImc˜5)]; (17)
A2 = GFFpi sin θC cos θC
m2K −m2pi√
2
· [c4 + i2
3
βΛ2Imc˜7(m
2
K −m2pi)−1] (18)
where
c˜5 = c5 +
3
16
c6, c˜7 = c7 + 3c8.
β =
2m4pi
Λ2(mu +md)2
. (19)
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The contributions from c˜7O7 into ReA0 and ImA0 are small because c˜7/c˜5
is proportional to the electromagnetic constant α and we neglected these
corrections. From data on widths of K → 2pi decays we obtain
c4 = 0.328; c1 − c2 − c3 + 32
9
βRec˜5 = −10.13. (20)
At c1 − c2 − c3 = −2.89 [3], [6] we obtain
32
9
βRec˜5 = −7.24. (21)
From the expression for A2, it is seen that the contribution of the operators
O7,8 is enlarged by the factor Λ
2/m2K in comparison with the other operator
contribution. The reason is discussed in Appendix.
Using the general relation
ε′ = iei(δ2−δ0)
[
−ImA0
ReA0
+
ImA2
ReA2
]
· |A2
A0
| (22)
and the experimental value ε′ = (3.78±0.38)×10−6, we come to the relation
− Imc˜5
Rec˜5
(
1− Ωη,η′ + 24.36Imc˜7
Imc˜5
)
= (1.63± 0.16)× 10−4, (23)
where Ωη,η′ takes into account the effects of K
0 → pi0η(η′) → pi0pi0 transi-
tions.
Introducing the notation
− Imc˜5
Rec˜5
= x
Imλt
s1
,
24.36
1− Ωη,η′ ·
Imc˜7
Imc˜5
= −y (24)
and using
(Imλt)/s1 ≈ s2s3 sin δ = (1.2± 0.2)× 10
−4
0.223
[7] (25)
we can write Eq.(23) for Ωη,η′ = 0.25± 0.08 in the form
x(1− y) = 0.40× (1± 0.22). (26)
In the last two equations si and δ are the parameters of CKM matrix. The
Eq.(26) depends on the variables x and y representing the contribution of
5
QCD penguin and relative contribution of EWP, respectively. To move far-
ther, we are enforced to apply to existing theoretical estimates of one of these
variables.
In terms of notations in [8-10]
y =
Π2
ω
/Π0(1− Ωη,η′). (27)
According to [8] y ≈ 0.3 and hence x = 0.57±0.12. But ε′/ε = 2.2·10−3
or by 30% is larger than the experimental value .
In [10], the central value of y is y ≈ 0.5 and, consequently, x = 0.80±0.18.
This result looks as the reliable one. A very close result x = 0.71± 0.27 can
be derived from the result (ε′/ε)EWP = (−12± 3)× 10−4 [11] comparing
it with the experimental value (ε′/ε)exp = (16.6±1.6)×10−4. But it should
be noted that the previous estimates of x were rather different. In particular,
according to [12] x = 1.4 ± 0.28. An estimate of x can be extracted also
from the papers [13-15] operating with different set of 4-quark operators Qi,
where the combination C6Q6 corresponds to our c5O5. From the general
representation
C6(µ) = z6(µ) + (s
2
2 + s2s3
c2
c1c3
cos δ) · y6(µ)− is2s3 c2
c1c3
sin δ · y6(µ)
and the calculated magnitudes of y6 and z6 we find for x ≈ y6/z6 :
x ≈ 2 at Λ(4)QCD = 0.35 GeV, µ = 0.8 GeV, mt = 176 GeV [13]; (28)
x = 2.8 at ΛM¯S = 0.3 GeV, µ = 1 GeV, mt = 130 GeV [14]; (29)
x = 5.5 at Λ
(4)
QCD = 0.3 GeV, µ = 1 GeV, mt = 170 GeV [15]. (30)
Such difference of the theoretical estimates of x makes very desirable an
investigation of CP-effects in K± → pi±pi±pi∓ decays, where, contrary to
KL → 2pi decays, the EWP contributions increase CP effects .
3. Decay K± → pi±pi±pi∓
To leading p2 approximation
M(K+ → pi+(p1)pi+(p2)pi−(p3)) = κ[1 + iaKM + 1
2
gY (1 + ibKM) + ...], (31)
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where
κ = GF sin θC cos θCm
2
Kc0(3
√
2)−1, (32)
aKM =
[
32
9
βImc˜5 + 4βImc˜7
(
3Λ2
2m2K
+ 2
)]
/c0, (33)
bKM =
[
32
9
βImc˜5 + 8βImc˜7
]
/(c0 + 9c4). (34)
The last two quantities represent the imaginary parts produced by the Kobayashi-
Maskawa phase δ.
1
2
g = − 3m
2
pi
2m2K
(1 + 9c4/c0), Y = (s3 − s0)/m2pi, (35)
c0 = c1 − c2 − c3 − c4 + 32
9
βRec˜5 = −10.46. (36)
As the field K+ is the complex one and its phase is arbitrary, we can
replace K+ by K+(1 + iaKM)(
√
1 + a2KM)
−1. Then
M(K+ → pi+(p1)pi+(p2)pi−(p3)) = κ[1+ 1
2
gY (1+ i(bKM −aKM))+ ...]. (37)
Though this expression contains the imaginary CP-odd part, it does not lead
to observable CP effects. Such effects arise due to interference between CP-
odd imaginary part and the CP-even imaginary part produced by rescattering
of the final pions. Then
M(K+ → pi+pi+pi−) = κ[1 + ia + 1
2
gY (1 + ib+ i(bKM − aKM) + ...] (38)
where a and b are corresponding CP-even imaginary parts of the amplitude.
These parts can be estimated to leading approximation in momenta calcu-
lating the imaginary part of the two-pion loop diagrams with
M(pi+(r2)pi
−(r3)→ pi+(p2)pi−(p3)) = F−2pi [(p2 + p3)2 + (r2 − p2)2 − 2m2pi],
M(pi0(r2)pi
0(r3)→ pi+(p2)pi−(p3)) = F−2pi [(p2 + p3)2 −m2pi],
M(pi+(r1)pi
+(r2)→ pi+(p1)pi+(p2)) = F−2pi [(r1 − p1)2 + (r1 − p2)2 − 2m2pi].
Then we find:
a = 0.12065, b = 0.714. (39)
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Using the definition
|M(K± → pi±(p1)pi±(p2)pi∓(p3))|2 ∼ [1 + g±Y + ...]
and the results of our calculation
|M(K± → pi±(p1)pi±(p2)pi∓(p3)|2 ∼ [1+ g
1 + a2
Y (1 + ab± a(bKM − aKM))+...]
(40)
we find
Rg ≡ g
+ − g−
g+ + g−
=
a(bKM − aKM)
1 + ab
. (41)
At the fixed above numerical values of the parameters and Ωη,η′ = 0.25 we
obtain to leading p2 approximation
(Rg)p2 = 0.030
Imc˜5
Rec˜5
(1−14.9Imc˜7
Imc˜5
) = = −(2.44±0.44)×10−5x
(
1− 0.13± 0.03
x
)
.
(42)
4. The role of p4 and other corrections
The corrections to the result obtained in the conventional chiral theory up
to leading p2 approximation are of two kinds. The first kind corrections are
connected with a necessity to get explanation of the observed enlargement of
S-wave I = 0 pipi amplitude. The corrections of the second kind are the p4
corrections. As it was argued in [16], [17], the corrections of both kinds be
properly estimated in the framework of special linear U(3)L⊗U(3)R σ model
with broken chiral symmetry. The above mentioned enlargement of S wave
in this model is originated by mixing between the q¯q state and the gluonic
state (Gaµν)
2 states. In such a model
U = σˆ + ipˆi
where σˆ is 3 × 3 matrix of scalar partners of the mesons of pseudoscalar
nonet. The relations between diquark combinations and spinless fields are
as given by eqs.(10) ,(11), but without the terms proportional to Λ−2. Such
contributions in σ model appear from an expansion of the propagators of
the intermediate scalar mesons. The parameter Λ2 in this model is equal to
difference m2a0(980) − m2pi. The strength of mixing between the isosinglet σ
meson and corresponding gluonic state is characterized by the parameter ξ.
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If the p2 approximation gives
(κ)p2 = 1.495× 10−6, (g)p2 = −0.172 (43)
instead of
(κ)exp = 1.92× 10−6, (g)exp = −0.2154± 0.0035, (44)
the corrected values of these CP-even parameters of K+ → pi+pi+pi− ampli-
tude are closer or practically equal to the experimental ones [16]:
(κ)(p2+p4; ξ=−0.225) = 1.73× 10−6, (g)(p2+p4; ξ=−0.225) = −0.21. (45)
More information on the parameter ξ can be found in [16],[17]. The expres-
sions for the corrected pipi → pipi amplitudes are presented in [17].
Calculating the CP-even imaginary part of the K± → pi±pi±pi∓ amplitude
originated by two-pion intermediate states, we obtain
a(p2 + p4; ξ = −0.225) = 0.16265, (46)
b(p2 + p4; ξ = −0.225) = 0.762. (47)
An estimate of the parameter a can be obtained also without any cal-
culations using the experimental data on the phase shifts of pipi scattering
δ00, δ
2
0 , δ
1
1 . According to definition (38) a is a phase at s3 = s0. The mean
value of the squared energy of pi+pi− system is
1
2
[(p1 + p3)
2 + (p2 + p3)
2] = s0 +
s0 − s3
2
.
Consequently, a is a phase shift of pi+pi− scattering at
√
s =
√
s0. But
the only significant phase shift at
√
s =
√
s0 is δ
0
0. The rest phase shifts
are very small: |δ20(s0)| < 1.8◦ and δ11(s0) < 0.3◦ [18]. Then, according to
Eq.(38), a ≈ tan δ00(s0), or a = 0.13±0.05, if δ00(s0) = (7.50±2.85)◦ [19] and
a = 0.148± 0.018, if δ00(s0) = (8.4± 1.0)◦ [20]. These results coincide inside
the error bars with the result (46). The corrected magnitude of Rg is
(Rg)(p2+p4; ξ=−0.225) = 0.039
Imc˜5
Rec˜5
(
1− 11.95Imc˜7Imc˜5
)
=
= −(3.0 ± 0.5)× 10−5x
(
1− 0.11±0.025
x
)
.
(48)
This result is by 23% larger in absolute magnitude than that calculated in the
leading approximation. Therefore, we come to conclusion that the corrections
to the result obtained in the framework of conventional chiral theory to the
leading approximation are not negligible (23%), but not so large, as it was
declared in [21].
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5. Conclusion
From Eqs.(22), (26) and (48), it follows that EWP contributions diminish
ε′/ε and increase Rg. The EWP corrections cancell one half of the QCD
penguin contribution into ε′/ε at x = 0.8 and cancell 80% of QCD penguin
contribution at x = 2. In both cases ε′/ε is the same.
In the case of K± → 3pi decays, the direct influence of EWP corrections
themselves on CP effects is not so crucial as in KL → 2pi decays. But if a
cancellation between the contribution of QCD and electroweak penguins in
ε′/ε is large, the factor x in Eq.(48) is also larger than 1. So, for x = 2 , the
predicted Rg must be 2.5 times larger than at x = 0.8.
Therefore, measuring Rg, one obtains a possibility to determine the true
relation between QCD and EWP contributions into CP violation in kaon
decays.
Appendix
Here we explain why an expansion of the amplitudes originated by elec-
troweak penguin diagrams begins from the term, independent of momenta
and masses of the pseudoscalar mesons.
The operators O7,8 can be expressed in terms of colorless diquark combi-
nations in the form
O7 = −s¯(1− γ5)u · u¯(1 + γ5)d− 3
8
O5, O8 = 3O7. (A.1)
Using eq.(10), we find
O7 = −F
2
pir
2
2
U21U
∗
13 + (terms proportional to p
2
i (m
2
i )). (A.2)
Omitting the terms proportional to derivatives of U and taking in Eq.(12)
a3 = 0, we find for the parity-even transitions
(O7)
P−even = −F 2pir2
2
{pi−K+ + 1
2F 2pi
[
pi−(2pi0√
3
+ 2pi8√
6
) +K0K−
]
×
[
K+(2pi
0√
3
− pi8√
6
+ pi3√
2
) + pi+K0
]
+ ...}. (A.3)
This expression does not contain the direct contribution to K+ → 3pi decays,
but thanks to the term pi−K+, the independent of p2i (m
2
i ) part of K
+ → 3pi
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amplitude arises. In p2 approximation
< pi+(p1)pi
+(p2)pi
−(p3)|O7|K+(k) >=
= − F 2pir2
2(m2
K
−m2pi)
[
s1+s2−2m2pi
F 2pi
− s1+s2−m2pi−m2K
F 2pi
]
= − r2
2
,
(A.4)
where si = (k−pi)2 and the first term in the brackets describes the pi+(k)→
pi+(p1)pi
+(p2)pi
−(p3) transition. The second term describes the transitions
K+(k)→ K+(p1,2)pi+(p2,1)pi−(p3).
Therefore, the operator O7 violates the rule, according to which an ex-
pansion of the mesonic amplitudes begins from the terms proportional to
p2i (m
2
i ).
It may seem to one that removing the non-diagonal term − r2
2
pi−K+ from
the effective Lagrangian by redefinition of K+ and pi− fields [22], the problem
with the constant contribution could be solved. But this is not so.
In our case, the mass part of the effective Lagrangian contains, in partic-
ular, the combination
−m2pipi+pi− −m2KK+K− −
F 2pir
2
2
(γK+pi− + γ∗K−pi+), (A.5)
where γ =
√
2GF sin θC cos θCc7. The transformations
pi− → pi− + βK−, K+ → K+ − βpi+,
pi+ → pi+ + β∗K+, K− → K− − β∗pi− (A.6)
with
β = γ∗F 2pir
2/2(m2K −m2pi) (A.7)
remove the non-diagonal terms in the linear in γ approximation. But the
effective Lagrangian of strong interaction generates the sum of the amplitudes
< pi+(p1)pi
+(p2)pi
−(p3)|pi+(k) > + < K+(p1)pi+(p2)pi−(p3)|K+(k) > +
< K+(p2)pi
+(p1)pi
−(p3)|K+(k) >
(A.8)
which after the transformation (A.6) generates the amplitude
< pi+(p1)pi
+(p2)pi
−(p3)|O7|K+(k) >=
= − β
γ∗
·
[
s1+s2−2m2pi
F 2pi
− s1+s2−m2pi−m2K
F 2pi
]
= − r2
2
.
(A.9)
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We have reproduced the result (A.4). The contribution of the operators O7,8
to the leading approximation does not depend on p2i (m
2
i ).
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